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ABSTRACT 

The  e f f e c t  of f i n i t e  Larmor r a d i u s  and Larmor f r e q u e n c y  on 

I 
h y d r o m a g n e t i c  waves i n  a p l a sma  i s  i n v e s t i g a t e d .  I t  i s  c o n c l u d e d  

t h a t  t h e  f i n i t e  Larmor r a d i u s  h a s  c o n s i d e r a b l e  i n f l u e n c e .  A u n i -  

fo rm r o t a t i o n  i s  a l s o  i n c l u d e d  i n  view o f  i t s  a s t r o p h y s i c a l  

i m p o r t a n c e .  
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1. INTRODUCTION 

The p u r p o s e  of t h e  p r e s e n t  paper  i s  t o  i n v e s t i g a t e  t h e  e f f e c t  of  

f i n i t e  i o n  Larmor r a d i u s  on t h e  hydromagnet ic  wave p r o p a g a t i o n  i n  a 

p lasma.  

u s i n g  i d e a l i z e d  h y d r o m a g n e t i c  e q u a t i o n s  which are ,  s t r i c t l y  s p e a k i n g ,  

v a l i d  o n l y  i n  t h e  l i m i t  t h a t  theLarmor r a d i i  of  t h e  c h a r g e d  p a r t i c l e s  

( e l e c t r o n s  and  p r o t o n s )  are  e f f e c t i v e l y  z e r o  and t h e  c o r r e s p o n d i n g  

Larmor f r e q u e n c i e s  r e g a r d e d  as i n f i n i t e l y  l a r g e .  I n  many a s t r o p h y s i c a l  

s i t u a t i o n s  l i k e  t h e  S o l a r  Corona,  i n t e r p l a n e t a r y  and i n t e r s t e l l a r  

The wel l -known r e s u l t s  r e g a r d i n g  A l f v e n  waves were o b t a i n e d  by 

p l a s m a s ,  i t  i s  known t h a t  t h e  a p p r o x i m a t i o n  ( z e r o  Larmor r a d i u s  and 

i n f i n i t e  Larmor f r e q u e n c y )  i s  n o t  v a l i d .  I t  i s ,  t h e r e f o r e ,  i n t e r e s t i n g  

t o  s t u d y  t h e  m o d i f i c a t i o n s  i n  t h e  hydromagne t i c  wave p r o p a g a t i o n  i f  

one  r e l a x e s  t h e  above  men t ioned  a p p r o x i m a t i o n .  I t  may b e  men t ioned  

I t h a t  Rosenb l  utk e t  . a l .  h a v e  found , i n  c o n n e c t i o n  w i t h  t h e  g r a v i t a t i o n a l  

i n s t a b i l i t y  o f  a m a g n e t i z e d  p l a s m a ,  t h a t  t h e  ' f l u t e '  i n s t a b i l i t y  i s  

r e a s o n a b l y  s u p p r e s s e d  by f i n i t e  Larmor r a d i u s  e f f e c t s ,  p a r t i c u l a r l y  f o r  

small wave-length p e r t u r b a t i o n s  p r o p a g a t i n g  normal  t o  t h e  ambien t  

m a g n e t i c  f i e l d .  T h e i r  a p p r o a c h  i s  based on t h e  c o l l i s i o n l e s s  Beltzmann 

e q u a t i o n .  R o b e r t s  and T a y l o r 2  and more r e c e n t l y  R o s e n b l u k h  and  Simon 

h a v e  shown how e q u i v a l e n t  r e s u l t s  can b e  o b t a i n e d  u s i n g  h y d r o m a g n e t i c  

e q u a t i o n s  m o d i f i e d  t o  t a k e  a c c o u n t  of t h e  f i n i t e  i o n  Larmor r a d i u s .  

These  i n v e s t i g a t i o n s  a r e ,  however ,  r e s t r i c t e d  t o  low a p lasmas  s o  t h a t  

t h e  p r e v a i l i n g  m a g n e t i c  f i e l d  d o e s  not  change d u r i n g  t h e  c o u r s e  of  

p e r t u r b a t i o n s .  The v e l o c i t y  v e c t o r  was a l so  c o n f i n e d  t o  a p l a n e  

no rma l  t o  t h e  a m b i e n t  m a g n e t i c  f i e l d .  Hydromagnet ic  wave p r o p a g a t i o n  

i s ,  t h e r e f o r e ,  n o t  i n c l u d e d  i n  t h e i r  i n v e s t i g a t i o n s  i n  view o f  t h e  

above  men t ioned  r e s t r i c t i o n s .  

3 
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BASIC EQUATIONS AND DISPERSION RELATION 2. 

Cons ide r  a homogenous,  u n b o u n d e d , c o l l i s i o n a l  p lasma h a v i n g  No e l e c -  

t r o n s  per  C . C .  and a n  e q u a l  number of  p r o t o n s .  The e l e c t r o n  and i o n  

t e m p e r a t u r e s  are assumed e q u a l ,  and t h e  p l a s m a ,  i n  t h e  a b s e n c e  of  a 

p r e v a i l i n g  magne t i c  f i e l d ,  i s  c h a r a c t e r i z e d  by an i s o t r o p i c  p r e s s u r e  

, K b e i n g  t h e  Boltzmann c o n s t a n t  and T ,  t h e  t empera -  te (= = N , q  
t u r e  o f  t h e  medium. The p lasma p r e s s u r e  i s  r e n d e r e d  a n i s o t r o p i c  owing 

t o  t h e  ambient  m a g n e t i c  f i e l d ,  and  t h e  a n i s o t r o p i c i t y  i s  d e t e r m i n e d  by 

t h e  Larmor f r e q u e n c y ,  t h e  Larmor r a d i u s ,  and  t h e  m a c r o s c o p i c  v e l o c i t y  

g r a d i e n t s .  A s  t h e  i n i t i a l  s t a t e  unde r  c o n s i d e r a t i o n  i s  s t a t i c  ( o r  

p a r t a k i n g  i n  a u n i f o r m  r o t a t i o n  (63 ) ) ,  t h e  p lasma p r e s s u r e  i s  a n i s o -  

t r o p i c  on ly  i n  t h e  p e r t u r b e d  s t a t e  of  p l a sma .  Again w e  may r e g a r d  t h e  

e l e c t r o n  p r e s s u r e  t o  r e t a i n  i s o t r o p i c  c h a r a c t e r  even  d u r i n g  p e r t u r b a t i o n ,  

on a c c o u n t  of t h e  n e g l i g i b l e  e l e c t r o n  Larmor r a d i u s  compared t o  t h e  i o n  

Larmor r a d i u s .  We w i l l  r e g a r d  t h e  p lasma t o  b e  n o n - h e a t  c o n d u c t i n g  and 

h a v i n g  a n  i s o t r o p i c  e l e c t r i c  c o n d u c t i v i t y  o. I t  may be  remarked  t h a t  

t h e  h e a t  c o n d u c t i o n  would a r i s e  o n l y  i n  t h e  p e r t u r b e d  s ta te  as t h e  

i n i t i a l  c o n f i g u r a t i o n  i s  d e v o i d  of  t e m p e r a t u r e  g r a d i e n t s  and e l e c t r i c  

f i e l d .  Even d u r i n g  p e r t u r b a t i o n  h e a t  f l o w  can  b e  r e a s o n a b l y  n e g l e c t e d  

as one  can show e a s i l y  t h a t  t h e  v a r i o u s  c o e f f i c i e n t s  of t h e  h e a t  f l o w  

v e c t o r  ( B e r n s t e i n  and  Trehan  

compared t o  t h e  e l e c t r i c a l  c o n d u c t i v i t y  of t h e  medium. 

It- e q u a t i o n  I1 - ( 7 1 ) )  are  v e r y  much smaller 

The b a s i c  e q u a t i o n s  are w r i t t e n  a s ,  

8 
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and  

P.5 = 0 

0.k = 0 
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Here s (_=MN) , )3(= )<+)'e) and d e n o t e  t h e  material  d e n s i t y ,  
-I 

and t h e  s c a l a r  and t e n s o r i a l  p a r t  of  t h e  p l a sma  p r e s s u r e  r e s p e c t i v e l y .  

E q u a t i o n  ( 7 )  i s  t h e  u s u a l  a d i a b a t i c  e q u a t i o n  of s t a t e  w i t h  = 7 3  9 

as  m o d i f i e d  t o  t a k e  a c c o u n t  of  a n e t  e l e c t r i c  f i e l d  and t h e  t e n s o r i a l  

p r e s s u r e  i n  t h e  p lasma.  The f i n a l  e q u a t i o n  (8)  i s  t h e  ' g e n e r a l i z e d  

Ohm's l a w '  w i t h o u t  t h e  e l e c t r o n  i n e r t i a  t e r m  "a 2 y  , which i s  -Tip Bt-a 
l e f t  o u t  as b e i n g  n e g l i g i b l e  b e c a u s e  we are d e a l i n g  w i t h  f r e q u e n c i e s  

w e l l  below t h e  plasma f r e q u e n c y .  I t  may be n o t e d  t h a t  i n  view of  t h e  

u n p e r t u r b e d  s ta te  b e i n g  d e v o i d  o f  c u r r e n t s  and v e l o c i t y ,  t h e  l a s t  two 

terms on t h e  r i g h t  s i d e  o f  e q u a t i o n  (7)  can  be o m i t t e d  i n  a l i n e a r i z e d  

a n a l y s i s  under  i n v e s t i g a t i o n ,  as b e i n g  of  s econd  o r d e r  of  s m a l l n e s s .  

Tak ing  t h e  a m b i e n t  u n i f o r m  f i e l d  Bo  a l o n g  t h e  x - a x i s  and a s suming  

t h e  p e r t u r b a t i o n s  t o  v a r y  as exp .  [mk +ik=x , w e  may 

w r i t e  t h e  p e r t u r b a t i o n  e q u a t i o n s  a s ,  
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and  

Here and (b., b, h z )  d e n o t e  t h e  compoenents  

o f  t h e  p e r t u r b a t i o n s  'U and i n  v e l o c i t y  and  m a g n e t i c  f i e l d  v e c t o r s  

r e s p e c t i v e l y .  8f' 
and 7 (= I/,.+nJ-) s t a n d s  f o r  t h e ' m a g n e t i c  v i s c o s i t y '  o f  t h e  medium. The 

e q u i l i b r i u m  q u a n t i t i e s  are  s u f f i x e d  '0'. I n  w r i t i n g  e q u a t i o n s  (14)--(16)  

, bp d e n o t e  p e r t u r b a t i o n s  i n  d e n s i t y  and  p r e s s u r  e 

u s e  h a s  been  made o f  e q u a t i o n s  ( 3 ) ,  (6)  a n d  ( 8 ) .  

components  Tx2 e t c .  i o n  t h e  e q u a t i o n s  (9) - - (11)  

( Thorn p son  ) 

The i o n  p r e s s u r e  t e n s o r  

are w r i t t e n  a s ,  

5 
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Here d e n o t e s  t h e  i o n  - i o n  c o l l i s i o n  t i m e  and W(= e%, .wc) t h e  

i o n  Larmor f r e q u e n c y .  

Us ing  e q u a t i o n s  (1 2)  , and  ( 1  8 )  - - (22)  w e  may r ewr i t e  t h e  e q u a t i o n s  

( 9 ) - - ( 1 1 )  a s ,  
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and 

Here S2 i s  w r i t t e n  € o r  “t’p, , ( S  being  t h e  sound speed  f o r  t h e  medium). 

We may now d e r i v e  t h e  d i s p e r s i o n  r e l a t i o n  by u s i n g  e q u a t i o n s  ( 1  4)  - - (17) 

and  (23) - - (25)  . A f t e r  some s i m p l i f i c a t i o n s  w e  o b t a i n  t h e  f o l l o w i n g  

d i s p e r s i o n  e q u a t i o n .  
-1 

whe re 
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(31) 

The d i s p e r s i o n  r e l a t i o n  (26) i s  r a t h e r  c o m p l i c a t e d  f o r  g e n e r a l  d i s c u s s i o n  

i n c l u d i n g  f i n i t e  c o n d u c t i v i t y  , f i n i t e  Larmor r a d i u s  and Hall c u r r e n t  term. 

We w i l l ,  t h e r e f o r e ,  d i s c u s s  some s p e c i a l  cases f o r  an  i n f i n i t e l y  c o n d u c t i n g  

p l a sma .  

, 

P e r p e n d i c u l a r  P r o p a g a t i o n  k c -  0, ‘ 3  = k 

For p r o p a g a t i o n  normal  t o  t h e  ambien t  m a g n e t i c  16;d&”, 

t h e  d i s p e r s i o n  r e l a t i o n  g i v e s ,  

where Up d e n o t e s  t h e  phase  v e l o c i t y  ‘*/k . The e q u a t i o n  (33) r e p r e s e n t s  

l a damped, d i s p e r s i v e  mode .  The p h a s e  v e l o c i t y  i s  e f f e c t i v e l y  i n c r e a s e d  

2 = kt,d , ItL b e i n g  
I 

by t h e  ion-Larmor r a d i u s  t e r m  i n v o l v i n g  

. -  - _ _ ~  - 
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t h e  i o n  Larmor r a d i u s ) .  

t h e  p e r p e n d i c u l a r  node .  

The H a l l  c u r r e n t  term,  however ,  d o e s  n o t  a f f e c t  

1 

P a r a l l e l  P r o p a g a t i o n  k * % k . ,  k , = o  

I f  t h e  p r o p a g a t i o n  i s  o n l y  c o n f i n e d  a l o n g  t h e  d i -  

r e c t i o n  o f  t h e  a m b i e n t  m a g n e t i c  f i e l d ,  t h e  d i s p e r s i o n  r e l a t i o n  (26) 

g i v e s  t h e  f o l l o w i n g m o d e s .  We o b t a i n  a s o u n d m o d e  d e f i n e d  b y ,  

T h i s  r e p r e s e n t s  a s o u n d m o d e  damped due t o  m u t u a l  c o l l i s i o n s  and i n d e -  

penden t  o f  t h e  f o l l o w i n g  twornodes  d e s c r i b e d  b y ,  

where 

a n d  

( = i o n  P la sma  f r e q u e n c y )  (36) 

(37) 
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The phase  v e l o c i t i e s  U p , ,  up, f o r  t h e  twoynodes ,  as  measured  i n  u n i t s  

of  Al fven  speed  V o ,  aae p l o t t e d  i n  f i g u r e s  1 and 2 a g a i n s t  t h e  p a r a m e t e r  

( e q u a t i o n  ( 3 6 ) )  f o r  a few v a l u e s  of  t h e  p a r a m e t e r  

The v a l u e s  chosen  f o r  5 
t o  g r a p h s  ( a ) - - ( e ) .  

e q u a t i o n s  (36) and ( 3 7 ) ,  measures  r e s p e c t i v e l y  of t h e  wave number of  

p e r t u r b a t i o n  and Larmor r a d i u s  ( o r  t e m p e r a t u r e  f o r  a g i v e n  m a g n e t i c  

f i e l d )  i n  a plasma of s p e c i f i e d  number d e n s i t y  of  p a r t i c l e s .  We f i n d  

t h a t  t h e  phase  v e l o c i t y  of  hydromagne t i c  wave p r o p a g a t i o n  i s  c o n -  

s i d e r a b l y  m o d i f i e d  due t o  f i n i t e  v a l u e s  of  i o n  Larmor r a d i u s  and  

f r e q u e n c y .  There  are now t w o m o d e s ,  i n s t e a d  of o n e ,  and t h e y  are d i s -  

p e r s i v e  i n  c h a r a c t e r .  The phase  v e l o c i t y  of o n e l n o d e ,  c o r r e s p o n d i n g  

t o  p o s i t i v e  s i g n  i n  e q u a t i o n  (35)  i s  a lways  more t h a n  t h e  Al fven  speed  

( f i g . 1 )  , and the inc remen t  i s  more f o r  i n c r e a s e  i n  Larmor r a d i u s  ( o r  

t e m p e r a t u r e  f o r  a f i x e d  m a g n e t i c  f i e l d )  f o r  a f i x e d  wave number of  

p e r t u r b a t i o n  and v i c e  v e r s a .  The o t h e r m o d e  ( f i g .  2) i s  c h a r a c t e r i z e d  

by a phase  speed  which i s  l e s s  t h a n  t h e  Al fven  speed  f o r  l a r g e  wave- 

l e n g t h s  and small Larmor r a d i u s  ( l o w  t e m p e r a t u r e )  b u t  shows a minimum 

v a l u e  f o r  a c r i t i c a l  8 

The c r i t i c a l  wave number f o r  minimum phase  s p e e d  depends  on t h e  

c h a r a c t e r i s t i c  v a l u e  f o r  t h e  p a r a m e t e r  

v e l o c i t y  a g a i n  i n c r e a s e s  w i t h  i n c r e a s e  i n  6 . 

3 ( e q u a t i o n  (37)). 

are  0 ,  0 . 2 ,  0.4, 0 . 6 ,  and  0.8 c o r r e s p o n d i n g  

The p a r a m e t e r s t  and 5 a r e ,  as  i s  c l e a r  from 

f o r  a g i v e n  v a l u e  of  Larmor r a d i u s  ( p a r a m e t e r 5  ) .  

3 , b u t  t h e r e a f t e r  t h e  phase  
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2)- EFFECT OF UNIFORM ROTATION 

We w i l l  now c o n s i d e r  t h e  e f f e c t  of  a u n i f o r m  r o t a t i o n  & (n-,n3,-) 
on h y d r o m a g n e t i c  waves p r o p a g a t i n g  a l o n g  t h e  a m b i e n t  m a g n e t i c  f i e l d  i n  

a p l a sma  h a v i n g  f i n i t e  v a l u e s  o f  i o n  Larmor r a d i u s  and  L a r m o r  f r e q u e n c y .  

F o r  s i m p l i c i t y  w e  s h a l l  r e s t r i c t  t o  i n c o m p r e s s i b l e  p e r t u r b a t i o n s  o n l y .  

I n  t h e  p r e s e n c e  of  un i fo rm r o t a t i o n  t h e  e q u a t i o n  ( 1 )  c o n t a i n s  two a d d i -  

t i o n a l  terms on t h e  r i g h t  hand s i d e ,  name ly ,  t h e  c e n t r i p e t a l  f o r c e  

- f -G x (-nr..-) and t h e  C o r i o l i s  f o r c e  af(y*&-) 

The e q u a t i o n s  ( 2 ) - - ( 6 )  are unmodif ied e x c e p t  t h a t  v-y r O  . The 

' g e n e r a l i z e d '  Ohm's l a w  s h o u l d  c o n t a i n  a t e r m  3 5  cizn) which 
N QL 

i s ,  however ,  n e g l e c t e d  as b e i n g  small i n  compar i son  t o  o t h e r  terms. 

S t r i c t l y  s p e a k i n g ,  t h e r e  i s  an  i n i t i a l  c e n t r i p e t a l  f o r c e  which i s  l e f t  

u n b a l a n c e d  i n  t h e  u n p e r t u r b e d  s ta te .  We may, t h e r e f o r e ,  r e s t r i c t  t o  

s m a l l  scale l e n g t h s  i n  a s l o w l y  r o t a t i n g  c o n f i g u r a t i o n  so t h a t  t h e  

c e n t r i p e t a l  f o r c e  c o u l d  be n e g l e c t e d .  I t  may b e  remarked t h a t  t h e  

ce&pton f o r c e  d o e s  n o t  a f f e c t  the  s t a b i l i t y  a n a l y s i s  as i t  r e m a i n s  

u n p e r t u r b e d .  With t h e  above mentioned m o d i f i c a t i o n s  w e  c a n  d e r i v e  t h e  

d i s p e r s i o n  r e l a t i o n  p r o c e e d i n g  as  i n  t h e  n o n - r o t a t i n g  case. For  

p r o p a g a t i o n  p a r a l l e l  t o  t h e  p r e v a i l i n g  m a g n e t i c  f i e l d  i n  a d i s s i p a t i v e  

p l a s m a ,  t h e  d i s p e r s i o n  r e l a t i o n  i s  w r i t t e n  a s ,  

0 

. i  

where t h e  symbols have  t h e  same meanings as i n  e q u a t i o n  (26). 

w o r t h  n o t i n g  t h a t  t h e  component of r o t a t i o n  v e c t o r  normal t o  t h e  a m b i e n t  

It  i s  



- 12 - 

m a g n e t i c  f i e l d  d o e s  n o t  c o n t r i b u t e ,  and  t h e  p a r a l l e l  component o f  r o t a t i o n  

v e c t o r  a p p e a r s  a l o n g  w i t h  t h e  f i n i t e  Larmor r a d i u s  t e r m .  Thus t h e  e f f e c t  

of r o t a t i o n  i s  t o  e f f e c t i v e l y  d e c r e a s e  t h e  Larmor r a d i u s  by an  amount 

depend ing  upon t h e  wave number of  p e r t u r b a t i o n  and  t h e  Larmor f r e q u e n c y .  

The d i s p e r s i o n  r e l a t i o n  (38) r e d u c e s  t o  t h a t  o b t a i n e d  by L e h n e r t  f o r  a 
6 

r o t a t i n g  p l a s m a  when t h e  Hall c u r r e n t  t e r m  and t h e  Larmor r a d i u s  t e r m s  

are l e f t  o u t .  

F o r  i n f i n i t e l y  c o n d u c t i n g  p l a s m a ,  t h e  p h a s e  v e l o c i t i e s  o f  t h e  h y d r o -  

m a g n e t i c m o d e s  i n  a u n i f o r m l y  r o t a t i n g  medium are  g i v e n  by an  e q u a t i o n  

e x a c t l y  similar t o  e q u a t i o n  (35)  e x c e p t  t h a t  t h e  term 

eve rywhere  i n  t h e  e q u a t i o n .  The c u r v e s  

( a ) - - ) & )  i n  f i g u r e s  1 and  2 show a l s o  t h e  e f f e c t  o f  r o t a t i o n  on h y d r o -  

m a g n e t i c  waves i n  a plasma w i t h  f i n i t e  Larmor r a d i u s  and t h e  Hall c u r r e n t .  

The c u r v e s  f o r  p o s i t i v e  and n e g a t i v e  v a l u e s  o f  

r e s p e c t i v e l y  t o  t h e  s i t u a t i o n  where t h e  f i n i t e  Larmor r a d i u s  c o n t r i -  

b u t i o n  e x c e e d s  t h a t  due  t o  un i fo rm r o t a t i o n  and v i c e  v e r s a .  
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CAPTI ON S 

F i g u r e  1 The phase  v e l o c i t y  Up, ( i n  u n i t s  o f  A l f v e n  s p e e d )  i s  p l o t t e d  

a g a i n s t  s (= ”) f o r  v a r i o u s  v a l u e s  of 9 

F i p u r e  2 The p h a s e  v e l o c i t y  Upz ( i n  u n i t s  of Al fven  s p e e d )  i s  p l o t t e d  1 
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